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Abstract 

With the introduction of special roots, we show the existence of some special 
weights with quite interesting properties for finite Lie algebras. We propose and dis- 
cuss two statements which lead us to an explicit construction of these special weights and 
roots. It is seen that the special weights provide us a basis to express Weyl group actions 
directly no matter what the Weyl group elements would be. 
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I. DEFINITION OF SPECIAL WEIGHTS AND ROOTS 

In the Cartan-Weyl tradition of a finite Lie algebra L-r of rank r , simple roots 
Qij's and their duals, the fundamental dominant weights, Aj's play a principal role. 
Their very definitions and also some of their properties will be given here briefly with 
reference of the excellent book of Humphreys [1]. Throughout the work, we always assume 
i,j,k= 1, 2, . . . , r and A, B = 1,2, . . . dimW{jCr) where W{jCr) is the Weyl Group of Lie 
algebra Cr- 

Let Cr be Cartan-Matrix of Cr- The simple roots can then be thought of as r- 
dimensional linear vectors satisfying scalar products 

< ai,aj >= {Cr)i,j. (/.I) 

Within the scope of this work, the Root Lattice TZr and the positive root lattice TZr^ 
will be considered respectively as is composed out of integral and nonnegative-integral 
linear superpositions of these simple roots. The Weight Lattice Wr is thus defined to be 
the dual of root lattice. For any two elements A, cu e Wr, the existence of a non-symmetric 
scalar product 

<A,a >= I - 

(a, ot) 

is always guaranteed by (I.l) where (A, a) is the symmetrical scalar product which is known 
to exist for any two r-dimensional vectors. The set 

7^(l) = {Ai,A2,...,A,} 

of fundamental dominant weights are then defined by 

< \i,aj >= Sij . {1.2) 

Now we look for some other sets 

?^(^) = {A^(l),AA(2),...,AA(r)} , A=1,2,...,D (7.3) 
with the property that 

(A„A,) = (AA(i),AA(j))- (^-4) 

Elements Ayi(z) of these sets will then be called special weights. Note here that (L4) is 
central in the definition of special weights. The maximal value D of the number of sets 
'H{A) has also some implications as will be seen in the following. 
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To find the special weights exphcitly, we need the following two conjectures which 
lead us in fact the definition of special roots in a natural way. 

Conjecture 1 

Let r(i)+ be the subset of TZ^^ defined by 

r(i)+ = {a e TZr'^ I <Xi,a >= 1} . (/.5) 

We then have 

dimT(i)+ = dimW{Xi) 

for i = 1,2, ... ,r. 

It is important to notice here that no element of T{i)'^ could be equal to an element 
of the Weyl orbit W{Xi) of A^. Special weights can then be specified explicitly as a result 
of our second conjecture: 

Conjecture 2 

Any element Aa(z) e 'H{A) has the form 

AAii) = Xi-^Aii) (/.6) 

where 7^1 (i) € r(^)''~ and 

D = dimW{Cr) ■ {1-7) 

Note here, due to notation, that the possibilities jA{i) — iBij) or 7a(^) = 7a (i) could 
be valid for some A,B or i,j. Then, it is natural to call 7a(^)'s encountered in the explicit 
forms of special weights to be special roots which are in fact elements of the sets 

7^(^) = {7^(1), 7^(2),..., 7^(r)} , A=1,2,...,D . {1.8) 

We are now ready to state why special weights are so special. Our statement for 
T,A e W{Cr) here is simply that 

^A{Xi)=AA{i) . (/.9) 

We must emphasize here that E^'s are Weyl group elements whereas SA(Ai)'s give 
us their action on the weight lattice. For an explicit construction of Weyl group elements, 
one of the best that we can do is to find a presentation of Weyl group in terms of which 
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its elements are to be expressed as multiple products of simple reflections, the elements 
corresponding to simple roots. It is well known however that, except some quite simple 
ones, this is already what one can not do in almost all cases for which the right hand side 
of (1.9) proves useful. 

In the next section, we will explicitly show how our two conjectures hold in general 

for 

Ar Lie algebras. Beside a previous article [2], a detailed discussion will be given for 
G2 in another work [3] which is complementary to this one. The case for F4 will also be 
presented by one of the authors separately [4]. Explicit tabulations of special roots are 
also given for Eq and Er [5]. As a nice application of (1.9), we will show, in a subsequent 
paper [6], that Weyl character formula can be applied explicitly in almost all cases with 
only one exception of Eg Lie algebra for which we actually need some other tools in explicit 
calculations [7]. 

II. Ar LIE ALGEBRAS 

In this section, we show how one lets our two conjectures to be true for A^ Lie algebras. 
By presenting As Weyl group elements in terms of multiple products of its simple reflections 
we also show that (1.9) is in fact true. 

To show the validity of conjecture 1, we seek, for each and every A/., the solutions 

7 = micui + m2a2 + . . . + rrirOir (-^-^-l) 

of the equation 

(Afc,7) = ^ (7,7) • {II. 2) 

which is in fact equivalent to 

m\ + m| + . . . = mim2 + m2ms + . . . + m^-im^ + nik (-^-^-3) 

where m^'s are non-negative integers. This simply shows that the solutions (II. 1) are 
restricted by conditions 

r r + 1 

mi,m2,...,mr<k , /c = 1, 2, . . . , - (^— ) 

depending on whether r is an even (odd) integer. Let us note here that the solutions are 
related for T{k)'^ and r(r + 1 — A;)""" due to diagram automorphisms of Ar Lie algebras. In 
result, we can say that we only have a flnite number of solutions for any r(A;)+. 
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To expose these solutions, let us introduce another fundamental system of weights hk 
defined by 

ak = fJ'k- l^k+i {II -4:) 

together with the condition 

A*! + A*2 + • • • + A*r+i = . {II 

Being in coincidence with our earlier works, we would like to call Hk's fundamental 
weights [8] for K=l,2, . . . , r+1 . The complete set of solutions (II. 1) can then be expressed 

by 

k 

r{k)+ = [j r^'\k) . {II. 6) 

s=Q 

Beside the set r'^'^''(A;) = {0} which consists of trivial solution 7 = 0, any partial set of 
solutions r*^'^^(A;) here is supposed to have the form 

r^*) {k) = {fi,^+fi,, + ... + fii^- {fij^ +^.^ + ... + ^ . J} (IL7) 

providing 

zi,Z2,...,Zs = 1,2,...,A; , ji,j2,---,js = k + l,k + 2,...,r + l . {H-^) 

It is important to notice here that no any two indices can take the same value in (II. 7). 
One thus has 

dimV^^\k) = B[k,s\ B[r + l-k,s\ 

for which ^ 

B[n,m] = — - 

[n — my. ml 

is the Binomial coefiicient. We therefore totally have 

k 

1 + J2 B[k, s] 5[r + 1 - k, s] = B[r + 1, k] 

8=1 

number of solutions. Our conjecture is now clear for Lie algebras in view of the fact 
that dimW{\k) = B[r + l,k]. 



To show that the conjecture 2 is also holds here, we remark that (1.4) is equivalent to 

{lA{i),lA{j)) = 



Si -\- Sj 



2 

where 7A(i) G r^''\i), -fA{j) G r^'^\j) and Si, = 1, 2, . . . , for r{k)+, as in (II.6). 



6 



Let us illustrate this in the simple but non-trivial example of ^3. We first need an 
explicit presentation of ^3 Weyl group elements S^'s for A = 1,2, . . .,24. This will be 
given on the left-hand side of the following table in terms of multiple products of simple 
reflections Ui which correspond to simple roots . Its right-hand side gives us, on the 
othet hand, the sets of special roots by the aid of which we see that (1.9) is in fact valid 
for As Lie algebra. 



Si 


= 


1 


^(1) 


= {0,0,0} 


S2 


= 




^(2) 


= {ai,0,0} 


S3 


= 


(72 


^(3) 


= {0,02,0} 


S4 


= 




7^(4) 


= {0,0,^3} 


S5 


= 


(7i (72 


^(5) 


= {«!, + a2, 0} 


Se 


= 


(Ji (J3 


^(6) 


= {ai,0, 03} 


S7 


= 


(72 (Ti 


^(7) 


= {«! + q;2, a2, 0} 


Sg 


= 




^(8) 


= {0, Q;2,a2 + "3} 


S9 


= 


C3 cr2 


n{9) 


= {0,^2 + 03, as} 


Sio 




(Ji (72 (7l 


7^(lo) 


= {«! -h q;2, cui + Q;2, 0} 


Sii 




•^l 0'2 C^S 


7^(ll) 


= {ai,ai + a2, ai + ^2 + eta) 


S12 




C^l CTS (''2 


7^(l2) 


= {«!, «! + q;2 + Ct3, "3} 


Si3 




0"2 0"! (73 


7^(l3) 


= {cti + Q!2, 0:2, Oi2 + as} 






('■2 0'3 0'2 


7^(l4) 


= {0, a2 + as, Q!2 + as} 






(^3 (^2 (^1 


7^(l5) 


= {ai + a2 + as, 0^2 + «3, «3} 


S16 




(7i (72 (7l (73 


7^(l6) 


= {cKi -h Q!2, tti + a2, «! + a2 + as} 


Si7 




Cl cr2 C3 cr2 


7^(l7) 


= {«!,«! + a2 + 03, tti + a2 + as} 


S18 




c^l CTs cr2 CTl 


7^(l8) 


= {tti + a2 + ^35 ai + a2 + as, as} 


Si9 




C2 CTl CTS C''2 


7^(l9) 


= {«! + a2, tti + 2 ^2 + 0:3, ct2 + 03} 


S20 




0"2 C3 ^2 Cl 


7^(20) 


= {«! + a2 + ^3, ^2 + 03, 02+03} 


S21 




Ci cr2 CTl CTs cr2 


7^(2l) 


= {ai + 02, oi + 2 02 + as, ai + 02 + 03} 


S22 




Ci cr2 C^S '^2 CTi 


7^(22) 


= {ai + a2 + as, cti + 02 + CI3, cti + ct2 + cts} 


S23 




C2 en C3 C''2 (7i 


7^(23) 


= {cti + ct2 + as, ai + 2 a2 + as, 0:2 + as} 


S24 




(7i (72 (7l (73 (72 (7l 


n{24) 


= {ai +a2 + as, ai + 2 a2 + as, ai + a2 + as} 



In the table above, it is seen that elements of sets TZiA) are chosen, respectively among 
elements of the sets 

r(l)+ = {0, «!, «! + a2, ai+ a2 + 03} 

r(2)+ = {0, 02, a2 + as, ai + a2, «i + ^2 + as, ai + 2 ^2 + as} 
r(3)"^ = {0, as, a2 + cts, cti + 02 + as} 

which are defined as in the first conjecture. 
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